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Question

How sensitive is a mathematical structure to its 
underlying logic? I.e., does a change of the 
underlying (often first order) logic always 
involve a change in the structure? 
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Part 1: Gödel’s Princeton Bicentennial 
Lecture, 1946 

“Tarski has sketched in his lecture the great 
importance (and I think justly) of the concept 
of general recursiveness (or Turing 
computability). It seems to me that this 
importance is largely due to the fact that with 
this concept one has succeeded in giving a 
absolute definition of an interesting 
epistemological notion, i.e. one not depending 
on the formalism chosen.”    
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“In all other cases treated previously, such as 
demonstrability or definability, one has been 
able to define them only relative to a given 
language, and for each individual language it is 
clear that the one thus obtained is not the one 
looked for.”

E.g. being definable in set theory is not 
definable. “Take the least undefinable
ordinal…”
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Gödel: Intuitive concept of definability to be 
made precise: “Comprehensibility by our 
mind.”
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Emil Post had also asked for absolute notions of 
provability and definability.
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Context of the 1946 lecture: the history 
of computability in the 1930s

• Adequacy problem for the concept of 
“humanly effectively computable.”

• Confluence of various systems was established 
by 1935-36, but confluence on its own did not 
convince. 

8



Adequacy of Herbrand-Gödel
recursiveness not convincing

Gödel to Martin Davis: “I was, at the time of 
these lectures, not at all convinced that my 
concept of recursion comprises all possible 
recursions.” (Collected Works. I: Publications 
1929–1936, p. 341. )
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Confluence not convincing
Kleene: “Turing’s computability is intrinsically 
persuasive but λ-definability is not intrinsically 
persuasive and general recursiveness scarcely so (its 
author Gödel being at the time not at all 
persuaded).” 

S. Kleene, “The theory of recursive functions, 
approaching its centennial.” Bull. Amer. Math. Soc. 
(N.S.), 5(1):43–61, 1981

. 
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Turing Machine

Gödel to Hao Wang: Turing’s model of human 
effective calculability is, in some sense, perfect: 

“The resulting definition of the concept of 
mechanical by the sharp concept of  
“performable by a Turing machine” is both 
correct and unique . . . Moreover it is absolutely 
impossible that anybody who understands the 
question and knows  Turing’s definition should 
decide for a different concept.” 

11



Gödel to Hao Wang, cont’

“The sharp concept is there all along, only we 
did not perceive it clearly at first. This is similar 
to our perception of an animal far away and then 
nearby. We had not perceived the sharp concept 
of mechanical procedure sharply before Turing, 
who brought us to the right perspective.”
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Brown lecture 1940

As an aside, another occasion on which Gödel
mentioned the concept of formalism 
independence, among the many that appear in his 
writings, was in his 1940 Brown University 
Lecture, when he described the consistency 
proof for the continuum hypothesis as “absolute, 
i.e. independent of the particular formal system 
which we use for mathematics.” (type theory, 
ZFC, SOL?)
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Kantian ideas
• Gödel would use the language of “Kantian 

ideas” to conceptualize this process of 
sharpening: 

“Absolute demonstrability and definability are not 
concepts but inexhaustible [Kantian] ideas. We can 
never describe an Idea in words exhaustively or 
completely clearly. But we also perceive it, more 
and more clearly. This process may be uniquely 
determined, ruling out branchings.”
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There appears to be some disagreement among Kant 
scholars about what Kantian ideas are, but:  
M. Rohlf: they “represent imaginary focal points (A 
644/B 672) that guide our study of nature and help 
us to achieve a more extensive and interconnected 
system of scientific knowledge.”
This is because they are ideas of reason, and as such 
they are directed toward transcendental objects such 
as the soul, or “world-whole” – objects, in other 
words, beyond experience and therefore beyond the 
realm of what we can know. 
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“Moreover, some of these ideas – the transcendental 
ideas of the soul, the world-whole, and God –
inevitably produce the illusion that we have a priori 
knowledge about objects corresponding to them. 
This putative knowledge seems to satisfy reason’s 
demand for the unconditioned, though in fact these 
“are only ideas” that do not give us knowledge 
about transcendent objects but only produce the 
illusion of doing so (A 329/B 385).” 
Rohlf, “The ideas of pure reason.” In The 
Cambridge Companion to Kant’s Critique of Pure 
Reason, pages 190–210. Cambridge University 
Press, 2010. 
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The Platonism usually attributed to Gödel would 
have him reject the idea of reason having a built-in 
structural capacity for error. It is not surprising, 
then, that Gödel acknowledges the conflict – “It is 
not satisfactory to concede [before further 
investigation] that AP or the general concept of 
concept is an idea.” 

For Kreisel, absolute definability and absolute 
provability are incalcitrant notions that 
“preoccupied (or paralyzed) Gödel since his lectures 
at Princeton.” (“Logical Foundations: A lingering 
malaise.” Philosophisches Archiv der Universität
Konstanz, 1984 ) 
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But, HOD.
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The concept of formal system is now 
sharpened, solving the scope problem

“In consequence of later advances, in particular of 
the fact that, due to A. M. Turing's work, a precise 
and unquestionably adequate definition of the 
general concept of formal system can now be given, 
the existence of undecidable arithmetical 
propositions and the non-demonstrability of the 
consistency of a system in the same system can now 
be proved rigorously for every consistent formal 
system containing a certain amount of finitary 
number theory.” (emphasis JK)
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. . . Turing’s work gives an analysis of the 
concept of “mechanical procedure” (alias 
algorithm or computation procedure or “finite 
combinatorial procedure”). This concept is 
shown to be equivalent with that of a “Turing 
machine.” A formal system can simply be 
defined to be any mechanical procedure for 
producing formulas, called provable formulas. 
For any formal system in this sense there exists 
one in the [usual] sense that has the same 
provable formulas (and likewise vice versa).” 
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1934 lecture

When I first published my paper about 
undecidable propositions the result could not be 
pronounced in this generality, because for the 
notions of mechanical procedure and of formal 
system no mathematically satisfactory definition 
had been given at the time. This gap has since 
been filled by Herbrand, Church and Turing. The 
essential point is to define what a procedure is. 
Then the notion of formal system follows 
easily…
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Footnote to 1934 lectures

“In my opinion the term “formal system” or 
“formalism” should never be used for anything 
but this notion [i.e. a mechanical procedure in 
the sense of the Turing Machine JK].”, Collected 
Works. I: Publications 1929–1936, p. 195
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Epistemological schema for 
computability

Confluence + Grounding

Gödel on formal systems: precipitous?
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The power of the machine metaphor
L’homme machine, Julien Offray de la Mettrie, 1748: the soul is to be “clearly 
an enlightened machine.”

The Human Motor, Anson Rabinbach, 1900: the “human motor” as a key 
metaphor of the industrial era

Manifesto  del Futurismo, 1909, Marinetti: glorification of the machine. “A 
roaring motor car which seems to run on machine-gun fire, is more beautiful 
than the Victory of Samothrace.”

Marinetti to Severini: “try to live the war [WWI JK] pictorially, studying it in 
all its marvelous mechanical forms.”

Letter, Raymond Duchamp-Villon, 1913: “The power of the machine asserts 
itself and we can scarcely conceive living beings anymore without it.” 

Reciprocity between metaphors: body-as-machine, machine-as-body.

24



Unique Forms of Continuity in Space 
Boccioni, 1913 
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1946 Princeton Bicentennial Lecture 

Three “epistemological” notions: computability, 
provability, definability.

Each come with their own paradoxes.

For each notion, we want transcendence (of a 
kind)---but we also want to avoid 
undefinability in set theory. 
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“Jetzt Mengenlehre!”

(Gödel, quoted in J. Dawson, Logical Dilemmas. 
The Life and Work of Kurt G ̈odel (Wellesley: A K 
Peters, 1997), p. 108n18)
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Part 2: Implementation
Joint work with M. Magidor and J. Väänänen
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Gödel’s two notions of definability

• Two canonical inner models:
– Constructible sets
• Model of ZFC
• Model of GCH
• Definable

– Hereditarily ordinal definable sets
• Model of ZFC
• CH? – independent 
• Definable    (Levy Reflection)
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Constructibility

• Constructible sets (L):
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Ordinal definability

• Hereditarily ordinal definable sets (HOD):
• Take the ordinals as primitive terms.
– A set is ordinal definable if it is of the form 

{a : φ(a,α1,…, αn)}
where φ(x,y1,…, yn) is a first order formula of set theory.
– A set is hereditarily ordinal definable if it and all 

elements of its transitive closure are ordinal definable. 
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• Myhill-Scott result: Hereditarily ordinal 
definable sets (HOD) can be seen as the 
constructible hierarchy based on second order 
logic in place of first order logic (second order 
quantifiers range over subsets of the given set 
which are in V):
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• Chang considered a similar construction with the 
infinitary logic Lω1ω1 in place of first order logic. 

• But this does not satisfy choice (if we assume 
uncountably many measurable cardinals). It is not
a fragment of SOL (for cardinality reasons: SOL 
has only countable many formulas, whereas Lω1ω1 
can define any countable structure, so there are 
uncountably many (non-equivalent) formulas.
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C(L*)

• L* any logic. We define C(L*):

• C(L*) = the union of all L´α
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If V=L

• If V=L, then V=HOD=Chang’s model=L.
• If there are uncountably many measurable 

cardinals, then AC fails in the Chang model. 
(Kunen.) 

35



Looking ahead:

• For a variety of logics C(L*)=L
– Gödel’s L is very robust, not limited to first order 

logic
• For a variety of logics C(L*)=HOD
– Gödel’s HOD is robust, not limited to second order 

logic
• For some logics C(L*) is a potentially 

interesting new inner model.
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Robustness of L

• Q1xφ(x) ó{a : φ(a)} is uncountable
• C(L(Q1)) = L.
• In fact: C(L(Qα)) = L, where 
– Qαxφ(x) ó |{a : φ(a)}| ≥ אα

• Other logics, e.g. 
weak second order logic, “absolute” logics, 

etc.
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Robustness of L (contd.)

• A logic L* is absolute if  “φ∈L*” is Σ1 in φ
and “M⊨φ” is Δ1 in M and φ in ZFC.  
– First order logic
–Weak second order logic
– L(Q0): “there exists infinitely many”
– Finitary fragment of Lω1ω, L∞ω: infinitary logic 
– Finitary fragment of Lω1G, L∞G: game quantifier 

logic
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Observations: avoiding L

• C(Lω1ω) = L(R)
(every formula in lhs can be 

coded by a real; every real can 
be coded by a formula of lhs.)
• C(L∞ω) = V (same as above, 

but for sets)
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Magidor-Malitz quantifier; 
cofinality quantifier

Q1
MMxyφ(x,y) óthere is an uncountable X such that 
φ(a,b) for all a,b in X
– Can express Suslinity of a tree (no uncountable anti-

chains). 
– Is countably compact (i.e. w.r.t.  countable theories) if 

V=L. L-Skolem down to     . Can be badly incompact. 
Q0

cfxyφ(x,y) ó{(a,b) : φ(a,b)} is a linear order of 
cofinality ω
– Fully compact extension of first order logic. (Whatever 

the size of the vocabulary, if a theory of this logic is 
finitely consistent, then it is consistent.) L-Skolem
down to       . 

�1

�1
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C*

• Q0
cfxyφ(x,y) we denote “C*”

• C* knows which ordinals have cofinality ω
in V 

(but doesn’t necessarily have a witness to the 
fact)
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Theorems

C(L(Q1
MM)) = L, assuming 0#.

Why? Long story short: if there is an 
uncountable homogeneous set in V then there 
is one in L. Uses an argument based on the 
indiscernibles given by 0#.
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Theorems

• C* ≠ L, assuming 0#.

• A lemma used in the proof: if α is regular in L 
and cofinality of α is >ω in V, we can express 
this in C*. But then α belongs to the set of 
canonical indiscernibles, i.e we can define 0# 

in C*.
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Odd outcome!
By the Lindstrom characterisation,*  Magidor-
Malitz logic is further from first order logic than 
cofinality logic is. 
This is because MM-logic can be badly 
noncompact, while cofinality logic is fully 
compact.
So the constructible hierarchy is not tracking the 
Lindstrom classification of logics (consistently).

*Proved independently by H. Friedman
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More theorems

• If V=C* then continuum is at most ω2, and 
there are no measurable cardinals. 

• A real is always constructed on levels of rank 
less than ω2 in V.

• Second part is like the Scott proof.  
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Proof of V=C* implies continuum is at most ω2. 

• Condensation argument.
• If r is a real in C*, then r is in some X       H(μ). By 

starting with countable and building a chain of length 
ω1 we can build Y such that Y has cardinality ω1 and
“knows” about cofinality ω. Need witnesses both for 
cofinality ω and for cofinality greater than ω. In latter 
case we change the higher cofinalities to cofinality ω1 
by the chain argument. (Problem was that Mostowski
collapse doesn’t necessarily preserve cofinalities in V.)    

• Then Y⊨ r ϵ L´α for some α, α<ω2. Hence r ϵ L´α 
• Thus there are at most ω2 reals.
• Consistently (Namba forcing): exactly ω2 reals. 
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V=C* implies that there are no measurable 
cardinals. 

• Suppose i:VàM, κ first ordinal moved, M closed 
under κ-sequences.

• (C*)M=C*, since M and V have the same ω-
cofinal ordinals (since they have the same ω-
sequences).

• So M=V.
• i:VàV, κ first ordinal moved
• Contradiction! (By Kunen.)
• Smaller large cardinals are consistent with V=L, 

hence with V=C*.
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More theorems

If there is a Woodin cardinal, then ω1 is strongly 
Mahlo in C*. (Stationary tower forcing. Gives 
an embedding into a model which is closed 
under ω sequences, which moves ω1 to the 
Woodin cardinal. Then (C*)M =(C*<λ)V.

ω2 of V is WC in C*. 
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Generic absoluteness

• Suppose there is a proper class of Woodin
cardinals. Then:

• Truth in C*  is forcing absolute and 
independent of a. (Stationary tower forcing.)

• Cardinals >ω1 are all indiscernible for 
C*. Another STF.

• Is CH true in C*? This is forcing absolute and 
independent of a. 
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elementarity

elementarity

elementarity
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HOD1

• Use existential second order logic instead of 
all of second order logic to get HOD1

• HOD1 is contained in HOD.
• C* is contained in HOD1 as can say “cof=ω” in 

existential second order.
• HOD1 = HOD is consistent with supercompact

cardinals (uses coding).
• HOD1 ≠ HOD is consistent relative to the 

consistency of infinitely many WC cardinals.
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How to separate HOD from HOD1 
relative to infinitely many WCs

• Start with V=L and the first WC cardinals κn.
• Add by reverse Easton Cohen subsets Ci for inaccessible cardinals i < 

supnκn including ω. Model V1.
• The κn remain WC. (Silver +)
• To get V2 kill WC:ness of  κn by adding a κn Suslin tree Tn for n in Cω.
• In V2 the set Cω is definable in terms of the κn’s hence Cω is in HOD.
• Claim: In V2 HOD1=L and hence in V2 the set Cω is not in HOD1. 

• We force V3 in which we add a long branch bn to Tn so that the product of 
adding Tn and then bn is Cohen forcing.

• Now observe that V3 is obtained from V with the same forcing as V1.
Finally, suppose X is in HOD1. By homogeneity of the forcing, X as computed 

in V2 is the same as X as computed in V1. But HOD=L in V1. 
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Theorems

• C* contains the Dodd-Jensen Core Model, 
same for the Härtig (equicardinality) 
quantifier. 

• C* contains Lµ, if Lµ exists.  Uses Dodd-
Jensen Covering Lemma (if no Lμ exists then 
covering holds for the core model).
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Large cardinals in these inner models

• Let C(aa) be like C* but use the stationary 
logic instead of cofinality quantifier.

• Stationary logic has a quantifier “for a club of 
countable subsets X” φ(X).

• MM++ implies uncountable cardinals are 
measurable in C(aa). 
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Inner model program

Find a model of ZFC whose theory cannot be 
changed by forcing (i.e. is generically absolute) 
and which contains large cardinals (e.g. 
measurable and beyond).
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• Replace the FOL in ZFC by an extension of it 
in the separation and replacement axioms.

• L(Q0): exactly omega-standard models of ZFC. 
(Can define the standard natural numbers in 
the model.)

• L(Q0
MM): exactly transitive models of ZFC. 

(Can define well-foundedness.)
• Between Lω1ω and Lω1ω1: exactly countably

closed transitive models of ZFC. 
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L=C(FOL)

HOD=C(SOL)

One application 
of power-set

Hierarchy of 
generalized 
quantifiers.
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Part 3: The general program

Inspired by Gödel’s 1946 lecture, particularly by 
his appropriation in it of the Turing analysis of 
computability: develop calculi to study the 
degree to which canonical mathematical 
structures are entangled with (sensitive to) their 
underlying logic or formalism, or alternatively 
persistent under permutation of these, or, to a 
degree, formalism free.
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See Grabmayer’s and many other talks at this 
meeting.
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More precisely…

By a formalism, or a logic, we mean a 
combination of a list of symbols, commonly 
called a signature, or vocabulary; rules for 
building terms and formulas, a list of axioms,
rules of proof, and finally a definition of the 
associated semantics. 
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Definition

• With this concept of formalism we associate formalism 
freeness with the suppression of any or all of the above 
aspects of a logic, except semantics. 

• Of course vocabulary in the informal, natural language 
sense, detached from any formalism, is always essential 
to the practice and in that sense is not suppressed. We 
emphasize the difference between the informal use of 
names in the mathematician’s natural language and the 
act of specifying a signature of a formal language. 
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Tarski and “the mathematical”

A class of structures in a finite relational
language is universally axiomatizable if and only 
if it is closed under isomorphism, substructure 
and if for every finite substructure B of a 
structure A, B ∈ K then A ∈ K. 
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Tarski’s conceptualization of “the 
mathematical,” as he called it, grew out of a 
certain picture of mathematics, and which would 
contribute to a stream of thought that persisted in 
model theory from its emergence in the algebraic 
school in the nineteenth century to its re-
emergence in the work of present day model 
theorists such as S. Shelah and B. Zilber: work 
which prioritises the suppression of syntax and 
logic in one form or another, and the forefronting
of semantic concepts.
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Vaught on Tarski’s 1950 ICM Lecture 
“An additional feature is that in the whole presentation Tarski 
(returning to and expanding his old methods) manages to define notions 
like “EC class” without any mention of a formalized language. Tarski 
liked the idea of replacing a “metamathematical” definition by a 
“mathematical” one; and was even more pleased by a “very 
mathematical” one such as Birkhoff’s definition  of equational class. 
Later on he very much liked the “purely mathematical” definition of A 
≡ B by R.Fraisse [elementary equivalence in terms of EF games: JK], 
and still later the definition using ultraproducts [of Keisler/Shelah: JK]. 
These very suggestive intuitive ideas may be without a precise content, 
as a precise distinction between “mathematical” and 
“metamathematical” might well be considered to be impossible because 
of Tarski’s definition of truth! Of course it is only in proofs that 
mathematicians must be precise. In the important matter of selecting 
what to think about, anything goes!” 

Vaught, “Alfred Tarski’s work in model theory.” J. Symbolic Logic, 
51(4):869–882, 1986.  Errata: “Alfred Tarski’s work in model theory”. 
J. Symbolic Logic, 52(4):vii, 1987. 
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Formalism freeness is not an all or 
nothing affair but comes in degrees

“An inquiry can be ‘formalism-free’ while being 
very careful about the vocabulary but eschewing a 
choice of logic and in particular any notion of 
formal proof. Thus it studies mathematical 
properties in Tarski’s sense.”

---John Baldwin, Formalization, Primitive Concepts 
and Purity (2013)

JB’s paper gives a fine structural analysis of ff-
ness/entanglement in Shelah’s and Zilber’s work
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SOL and set theory 

“Mathematics altogether is indifferent to a choice of 
logic, especially when that choice is between first 
order set theory and second order logic. From the 
practical point of view, the working mathematician 
will—and should—be indifferent to the choice 
between FO and SO, and there are deep theoretical 
reasons why this should be the case.” 

Väänänen, BSL 2000, BSL 2012
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Definition of Henkin semantics

• Recall that the Henkin semantics is defined 
simply so that in the so-called general models, 
the second order variables of a given formula 
are thought of as ranging over a fixed (possibly 
proper) subset of the power set of the domain. 

• In case the domain of quantification is actually 
the full power set, one refers to the model as 
“full” or “standard”, and the associated 
semantics as full or standard semantics. 
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• From the point of view of mathematical practice, 
when we actually use second order logic we do 
not and in fact cannot see a difference between 
ordinary (“full”, or “standard”) models and 
general models. 

• The reason for this is (essentially) that the general 
models “know” all the definable sets and relations 
(by the Comprehension Axioms) and they are the 
ones we refer to in mathematical practice.

(Others have pointed this out, e.g. Putnam.) 

Further: Henkin vs full semantics
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Bolzano’s theorem
Theorem: Every continuous function on [0, 1] which has a negative 
value at 0 and a positive value at 1 assumes the value 0 at some point of 
(0, 1). 

• For the proof, by the second order comprehension axiom one can 
instantiate a universal second order quantifier at 

X ={x | f(x) < 0}.

NB: we cannot have the Henkin model made up of just definable sets, 
as we can diagonalise out of them using comprehension. Henkin
models have to have undefinable sets in them, e.g., they have well-
orderings of the reals because of the axiom of choice. 
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There is also entanglement

Zero-one laws for finite structures are sensitive to 
signature. The probability of a random relational 
structure on the domain {1, . . . , n} satisfying a 
given first order formula tends to either 0 or 1 as n 
tends to infinity. But if we allow function symbols 
as part of the language, even the simple sentence 
∃x (f(x) = x) has limit probability 1/e. 
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There is obviously a lot of entanglement with 
G1, G2!
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Philosophy of the syntax/semantics 
distinction

The picture here is of formal and natural languages constituting two 
autonomous domains. (Glanzburg)

How stable is the formal/informal,  the syntax/semantics distinction? It 
is usually taken for granted that it the latter distinction is clear.

Philosophy of language: Do syntactic concepts supervene on semantic 
ones?

Same question for the logician: Do model classes (i.e. a class of 
structures closed under isomorphism) have an implicit logic/implicit 
syntax?
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Logicians have devised ways of reading a syntax 
and logic off a semantic framework. 

AEC’s can give rise to a logic in the form of the 
Presentation Theorem (Shelah), conjuring a 
language and a logic out of seemingly thin air. 

AEC: Generalises the notion of “elementary 
class.” Stipulate some closure properties on a 
class of structures, with respect to an abstract 
submodel relation.
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The logician always has a move to make, i.e. one 
can always assign a syntax to a model class by 
means of cooking up an appropriate generalised 
quantifier. (Lindström.) 

But we want an “intrinsic” logic…
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Thank you!
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Severini, 1915
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