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Consequences of Incompleteness Proofs 
1) Not only limitations but also constructive 

consequences of Gödel’s proofs
 Bernays: like the discovery of incommensurability 
 Shape of 1 arithm formula 
 Emergence in mathematics?
2) Lucas, Penrose: Human mind is not a machine. But 

this is wrong, Gödel’s thm alone is not sufficient.  
3) Gödel’s Unknowability Thesis: no rigorous proof of 

our consistency is possible.
4) Implementation Project questioned: we cannot fully 

define our understanding of natural numbers.
5) Practical irrelevance of Gödelian limitations. 



1. Constructive consequences of Gödel’s  
incompleteness

Not only limitations but also constructive 
consequences of formalization and Gödel’s proofs
 a.  Bernays: like the discovery of incommensurability. 
The Euclidean algorithm for common divisor runs 
indefinitely. 
Now: considering formal proofs until A or nonA proved.
 b. 1 arithm formula   the absence of solutions to a 
specific Diophantine equation. 
 But Cons is of this shape. So?
 No uniquely determined set of natural numbers?!



1. Constructive consequences of Gödel’s  
incompleteness

 a.  Bernays: like the discovery of incommensurability. 
 b. 1 arithm formula   the absence of solutions to a 
specific Diophantine equation. 
 c. Emergence in mathematics?
Emergence:  situations in the material world in which 

growing complexity causes the appearance of 
essentially new features. 

The emergence of life, of the mind, of consciousness 
Are there any identifiable features of mathematical 

situations that are necessary for emergence to occur? 



1. Constructive consequences of Gödel’s  
incompleteness: emergence, ctd

Mathematical emergence? (after Krajewski 2012)
An inescapable surprise 
Psychological nature of emergence unavoidable in math 
The concept of a natural number …
The advent of undecidability as a consequence of one 

simple step consisting of piecing together 
multiplication and addition  constitutes emergence. 

Does the fact that we have learned so much about 
models of arithmetic eliminate the initial surprise? 

My view is that it does not. 
“Gödelian emergence.” Some equation has no solution.



2) Lucas, Penrose: Human mind is not a machine. But  
this is wrong, Gödel’s thm alone is not sufficient.  

3) Gödel’s Unknowability Thesis: no rigorous proof of 
our consistency is possible.

4) Implementation Project questioned: we cannot fully 
define our understanding of natural numbers.

5) Practical irrelevance of Gödelian limitations.

We’ll discuss these points in turn.



2. Human mind is not a machine?

a. Anti-mechanism is not implied by Gödel’s 
theorems alone.

(Gödel and logicians after him)

b. Do Gödel’s limitative results imply limitations 
regarding our abilities to mechanize intelligence? 

(after Krajewski 2020, based on Krajewski 2003)



Human mind is not a machine?

a. Anti-mechanism is not implied by Gödel’s 
theorems alone.
More than one way to demonstrate the error in the 
Lucas or Penrose arguments.
John Burgess: For some, “the mistake lies in 
overlooking the possibility that it might in actual 
fact be the case that the procedure generates only 
mathematical assertions we can see to be true, 
without our commanding a clear enough view of 
what the procedure generates to enable us to see that 
this is the case.”



Human mind is not a machine?

For some, “the mistake lies in overlooking the 
possibility that it might in actual fact be the case that 
the procedure generates only mathematical 
assertions we can see to be true, without our 
commanding a clear enough view of what the 
procedure generates to enable us to see that this is 
the case.”
For others, “even if we do see that the procedure 
generates only mathematical assertions we think we 
see are true, it might be rational to acknowledge 
human fallibility by refraining from concluding that 
the procedure generates only mathematical 
assertions that are in actual fact true.”



Human mind is not a machine?

First, it is not excluded that we are consistent 
machines but don’t know it, 
and secondly, it is not excluded that we are 
inconsistent machines. 
Gödel to Wang in 1972,
… on the basis of what has been proved so far, it 
remains possible that there may exist (and even be 
empirically discoverable) a theorem-proving 
machine which in fact is equivalent to mathematical 
intuition, but cannot be proved to be so, nor even be 
proved to yield only correct theorems of finitary 
number theory.



Human mind is not a machine?

Steps in Lucas’ argument:
(L1) We can see that machines are necessarily 
equivalent to formal systems. 
(L2) If the machine M models the mind, it “must 
include a mechanism which can enunciate truths of 
arithmetic.” 
(L3) Now, we can use Gödel’s technique to 
construct a formula G that is not provable in S – i.e. 
not a theorem of S. We assume, of course, that S, or 
at least its arithmetical part, Sar, is consistent. 
(L4) We can see that the formula G is true. 



Human mind is not a machine?

(L2) If the machine M models the mind, it “must 
include a mechanism which can enunciate truths of 
arithmetic.” 
  In (L2) the reference to truth is not necessary.
(L3) Now, we can use Gödel’s technique to 
construct a formula G that is not provable in S – 
  Case I: The theory S is consistent. 
  Case II: The theory S is inconsistent.
(L4) We can see that the formula G is true. 



Human mind is not a machine?

It is supposed to be a “dialectical,” or conditional, 
argument: if somebody claims that a machine is 
equivalent to the human mind, then it is shown to 
him that he falls into a contradiction. 
  



Human mind is not a machine?

The Necessary Conditions for Out-Gödeling 
1  Each machine proposed by the mechanist is 
equivalent to a Turing machine, and it is possible to 
exhibit one such machine.
2  The anti-mechanist must respond to every 
(arithmetically) consistent machine.
3  The anti-mechanist’s response to an (arithmetically) 
consistent machine consists in presenting a statement 
that is not “provable” by the machine.
4  The response to the machine is effectively determined 
in advance.



Human mind is not a machine?

All Turing machines are listed in an effective way: 
M1, M2, …, Mn,…  and S(M) is M’s arithmetical theory

Function F is defined for some natural numbers 
(considered as indices of Turing machines listed in 
some recursive way) with values that are (Gödel 
numbers of) arithmetical formulas, so that:

(i) F is partial recursive

(ii) C  dom(F),

(iii) For each nC:  F(n)S(Mn).
The Inconsistency Theorem: the set of values of F is 
inconsistent.



Human mind is not a machine?

(iii) For each nC:  F(n)S(Mn).
The Inconsistency Theorem: the set of values of F is 
inconsistent.
Proof: Assume that the set of F’s values, A = {F(n): 
ndom(F)}, is consistent. It is recursively enumerable, 
due to (i), so it can be enumerated by a Turing machine. 
We may assume that for some k, A = S(Mk). By 
assumption, A is consistent, so kC, and due to (ii), F(k) 
is defined. By (iii), F(k)S(Mk); that is, F(k)A, which 
contradicts the definition of A. The contradiction shows 
that A is inconsistent.



Human mind is not a machine?

Thus, either (a) the mind is not a machine, and there are 
no Gödelian limitations on it, or (b) the mind is a 
machine and is inconsistent, and then no limitation 
based on Gödel’s theorem applies, or (c) the mind is a 
machine and is consistent, and it cannot then prove the 
Gödelian formula for the machine – that is to say, for 
itself.
Let us imagine that a robot is born – call him Luke – 
whose mathematical capabilities are exactly equivalent 
to those of Lucas.





Human mind is not a machine?

Penrose’s version refutation:

S = {n: S(Mn) is a sound theory}.

Obviously, S  C. If we suppose, after Penrose, that 
Antimechanist must only respond to sound machines: 

• (i) F is partially recursive

• (ii’) S  dom(F),

• (iii’) For each nS: F(n)S(Mn).
The Unsoundness Theorem: The set of values of F is 
unsound.



Human mind is not a machine?

   The set of values of F is unsound.

The lack of awareness that there might be a program 
that cannot be understood by us.

I. T is known and we know Tmind; II. T is known and 
we do not know Tmind; III. T is not known. 
In II it is tacitly assumed that if T is known, then T must 
be fully graspable. But no: we can, in fact, be faced with 
a complete description of a program and still have no 
idea what it does.



Human mind is not a machine?

Penrose’s approach can be saved by additional 
assumptions: 

The putative algorithm is the one actually used by 
mathematicians. Then we may refer to the fact that 
mathematics is built from “simple and obvious 
ingredients.” 

Perfectly natural attitude for a mathematician; looks 
somewhat naïve from the logician’s perspective.



Human mind is not a machine?

Penrose’s “new” argument: rather than

“Human mathematicians are not using a knowably 
sound algorithm in order to ascertain mathematical 
truth” (1994) it is claimed that “Human mathematicians 
are not using a sound algorithm in order to ascertain 
mathematical truth; and, obviously, they cannot use an 
unsound one” (1996). 

 

However, the problem lies with the assumption that 

we know that the mind is sound (at least for Π1 
sentences);  (“Know” in a strong sense.)



3. Our Consistency is Not Provable

   Gödel’s Unknowability Thesis

We cannot unassailably demonstrate our own 
consistency (let alone soundness). 

(NB: Our consistency/soundness is assumed here.) 

   An Abstract Form of the Unknowability Thesis

Assuming ├ Cons, which means, to be specific, 

├ B(┌0=1┐), and the conditions

(1) if ├ j then ├ B(┌j┐), (2)├ B(┌j┐)  B(┌j┐)  
B(┌┐), (3)├ B(┌j┐)  B(┌B(┌j┐)┐), 
one can derive ├ Inconsistency.



4.We can’t define our understanding of numbers

 The Implementation Assignment: the project of 
programming our notion of natural numbers and putting 
it into a computer or robot. 

Due to Gödel the Implementation Project is questioned: 
we cannot fully define our understanding of natural 
numbers.

If so, no computer can be taught our concept of a 
number.

But again: Luke is (theoretically) possible. There is no 
complete description known to us.



5. Practical irrelevance of Gödelian limitations

Luke is (theoretically) possible. Practically? No.

Practical irrelevance:

a. Idealizations 

Koellner (2018b): Either the statements that “the mind 
can be mechanized” and “there are absolutely 
undecidable statements” are indefinite (as the 
philosophical critique maintains) or they are definite 
and … are about as good examples of “absolutely 
undecidable” propositions as one might find.

a’. Ambiguities

But: demanding formalization can be self-destructive.



5. Practical irrelevance of Gödelian limitations

b. The anti-mechanist argument does not convince 
anyone, one way or another. 

c. The Gödel numbers are too big. 

d. Gödel’s sentence has no clear meaning within the 
theory for which it is constructed. 

Cf. Tarski’s thm: 

The formal dfn of a large chunk of truth brings nothing 
essential. (Except their use in metalogical arguments.) 

e. Gödelian sentence is even more irrelevant for 
physics, theories of law, etc. 



Thank you for your attention.
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What is attractive for general public



Guide to correcting the attractive points re incompleteness

(after Krajewski 2003)

(A0) The human mind can do 

something no computer can. 

(A1) There are unprovable truths.

(A2) Consistency and completeness

 are incompatible.

(A3) There are sentences that are 

provably neither provable nor refutable.

(A4) A formal approach is not enough;

 intuition or faith is indispensable. 

(A5) Given any system, it is necessary

 to take into account a higher level, a metasystem. 

(A6) The method of arithmetization.

(A7) Self-reference can be described rigorously. 

(after Krajewski 2003)


