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if true, is not provable (within itself).
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I What type of set existence axiom is necessary and/or
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I Given rational numbers a0,a1, . . . ,an (considered as “sets”
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RCA0: The Base System for Reverse Mathematics

The Recursive Comprehension Axiom system (RCA0) consists
of:

I Axioms concerning laws of arithmetic on +,×;
I (∆0

1(X )-Comprehension) If X is a set then any collection
computable in X is a set;

I (Σ0
1(X )-Induction) Suppose X is a set and

ϕ(x) ≡ ∃uθ(u, x). If, as computed by a set X ,

ϕ(0) ∧ ∀x(ϕ(x)→ ϕ(x + 1)),

then ∀xϕ(x).

Note. RCA0 is a subsystem of Z2.
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The Big Five Subsystems of Z2

Friedman and Simpson introduced the big five subsystems of
Z2:

I RCA0 = The base system

I WKL0 = RCA0+ Weak König’s Lemma ("Every infinite
binary tree has an infinite path");

I ACA0 = WKL0+ the Arithmetical Comprehension Axiom
(“For any set X , its Turing jump X ′ is a set”);

I ATR0 = ACA0+ Arithmetical Transfinite Recursion (“For
any set X , every collection hyperarithmetic in X is a set”);

I Π1
1-CA = ATR0+ Π1

1-Comprehension (“For any set X , its
hyperjump is a set”).

These five systems have strictly increasing proof-theoretic
strengths.
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The Big Five Subsystems of Z2

Z2

Π1
1-CA ⇔ Cantor-Bendixson Theorem

ATR0 ⇔ Every uncountable closed set in R has a perfect
subset

ACA0 ⇔ Every increasing sequence in [0,1] has a limit

WKL0 ⇔ Brouwer’s Fixed Point Theorem

RCA0 ⇔ Fundamental Theorem of Algebra
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Hierarchy Of The Induction Scheme

We can decompose the mathematical induction scheme into a
hierarchy according to the complexity of definition. For n ≥ 1,

I IΣn (Σn-induction): Every Σ0
n(X )-instance of mathematical

induction holds (RCA0 includes IΣ1);
I Example: IΣ2 says Suppose X is a set and
ϕ(x) ≡ ∃u∀vθ(u, v , x). If, relative to X ,

ϕ(0) ∧ ∀x(ϕ(x)→ ϕ(x + 1)),

then ∀xϕ(x).

I BΣn (Σn-bounding): Every Σ0
n(X )-definable function on an

interval [0, x ] has bounded range.
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By Slaman (2004), over RCA0, BΣ0
n is

equivalent to induction for
∆0

n(X )-formulas (Σ0
n(X )-formulas whose

negations are also provably Σ0
n(X ))



Hierarchy Of The Induction Scheme

ACA0

RCA0 + IΣn

RCA0 + IΣ2

RCA0 + BΣ2

RCA0

(Paris-Kirby (1978)) The following
implications are strict:
· · · → IΣn+1 → BΣn+1 → IΣn → · · ·

By Slaman (2004), over RCA0, BΣ0
n is

equivalent to induction for
∆0

n(X )-formulas (Σ0
n(X )-formulas whose

negations are also provably Σ0
n(X ))



Hierarchy Of The Induction Scheme

ACA0

RCA0 + IΣn

RCA0 + IΣ2

RCA0 + BΣ2

RCA0

(Paris-Kirby (1978)) The following
implications are strict:
· · · → IΣn+1 → BΣn+1 → IΣn → · · ·

By Slaman (2004), over RCA0, BΣ0
n is

equivalent to induction for
∆0

n(X )-formulas (Σ0
n(X )-formulas whose

negations are also provably Σ0
n(X ))



Models of RCA0

A model M = (M,S) of RCA0 consists of two parts:

1. A first-order universe M that satisfies the arithmetic laws;
2. A second-order part S ⊆ 2M in which every member X

satisfies ∆0
1(X )-Comprehension and mathematical

induction IΣ1 relative to X ;

Note.
I Except for the case M = ω, all other models of RCA0 are

nonstandard models of second-order arithmetic.
I M |= PA⇔M |= Arithmetic Laws +

⋃
n IΣn.
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First-order Strength

In particular,

I Does RCA0 + T imply PA, or even ACA0?
I (Inductive strength) If not, does RCA0 + T imply IΣn or

BΣn for some n > 1?
I (Conservation) For a given n, Identify the collection of

first-order ϕ’s such that

RCA0 + T ` ϕ⇒ RCA0 + IΣn ` ϕ,

or
RCA0 + T ` ϕ⇒ RCA0 + BΣn ` ϕ

I These are interesting and challenging problems.

We discuss two theorems in combinatorial mathematics from
the perspective of these questions.
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M = ω:
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Theorem ((Chong, Li, Wang and Yang (2020))

(1) There is a model of RCA0 + TT1 + ¬IΣ2. Hence
RCA0 + TT1 6→ IΣ2;
In fact

(2) There is a Π0
3-sentence θ such that for any Π1

1-sentence ϕ,
if RCA0 + TT1 ` ϕ, then RCA0 + BΣ2 + θ ` ϕ.

Note. θ is a sentence concerning the totality of Ackermann’s fast
growing function.

Conclusion. The set existence statement TT1 about finite coloring of
infinite trees is weak as it has limited inductive strength.



TT1 Without IΣ2

Theorem ((Chong, Li, Wang and Yang (2020))

(1) There is a model of RCA0 + TT1 + ¬IΣ2. Hence
RCA0 + TT1 6→ IΣ2;
In fact

(2) There is a Π0
3-sentence θ such that for any Π1

1-sentence ϕ,
if RCA0 + TT1 ` ϕ, then RCA0 + BΣ2 + θ ` ϕ.

Note. θ is a sentence concerning the totality of Ackermann’s fast
growing function.

Conclusion. The set existence statement TT1 about finite coloring of
infinite trees is weak as it has limited inductive strength.



TT1 Without IΣ2

Theorem ((Chong, Li, Wang and Yang (2020))

(1) There is a model of RCA0 + TT1 + ¬IΣ2. Hence
RCA0 + TT1 6→ IΣ2;
In fact

(2) There is a Π0
3-sentence θ such that for any Π1

1-sentence ϕ,
if RCA0 + TT1 ` ϕ, then RCA0 + BΣ2 + θ ` ϕ.

Note. θ is a sentence concerning the totality of Ackermann’s fast
growing function.

Conclusion. The set existence statement TT1 about finite coloring of
infinite trees is weak as it has limited inductive strength.



TT1 Without IΣ2

Theorem ((Chong, Li, Wang and Yang (2020))

(1) There is a model of RCA0 + TT1 + ¬IΣ2. Hence
RCA0 + TT1 6→ IΣ2;
In fact

(2) There is a Π0
3-sentence θ such that for any Π1

1-sentence ϕ,
if RCA0 + TT1 ` ϕ, then RCA0 + BΣ2 + θ ` ϕ.

Note. θ is a sentence concerning the totality of Ackermann’s fast
growing function.

Conclusion. The set existence statement TT1 about finite coloring of
infinite trees is weak as it has limited inductive strength.



Theorem 2: Ramsey’s Theorem For Pairs

Let [N]2 = {{m,n} : m,n ∈ N}.

Ramsey (1930):
RT2

2: For every coloring of [N]2 in two
colors, there is an infinite H ⊂ N such
that any {m,n} ∈ H has the same color.

I (Hirst (1987)) RCA0 + RT2
2 ` BΣ2

I (Seetapun and Slaman (1995)) RCA0 + RT2
2 6` ACA0

Note. RT2
2 is weaker than RTn

2 (coloring of [N]n in two colors) for
n > 2: Jockusch’s theorem (1972) implies that
RCA0 ` RTn

2 ↔ ACA0 for such n.
The proof-theoretic sterngth of RT2

2 has been a prominent line
of research in reverse mathematics for the past 25 years.
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at two-coloring of [M]2.
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Construction of M |= RCA0 + RT2
2 + ¬IΣ2

Begin with a model M0 = (M,S0) of RCA0 + BΣ2 + ¬IΣ2.

Step 1.

I (Chong, Slaman and Yang (2012)) There is an M1 ⊃M0 of
RCA0 + BΣ2 + ¬IΣ2 such that every two-coloring

C0 : [M]2 → {blue, red}

in S0 is reducible to a stable two-coloring C1 in S1, the
second-order part of M1.

I “Stable” means:
limn→∞C1(m,n)

exists for each m.
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RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.
I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.
I Applying an idea from the fine structure theory of L to M1

(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.
I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.
I Applying an idea from the fine structure theory of L to M1

(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).

I Key challenge: We want a solution H for C1 which
preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.

I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.
I Applying an idea from the fine structure theory of L to M1

(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.

I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.
I Applying an idea from the fine structure theory of L to M1

(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.
I We can construct an H such that H ′ is computable in C′′1 .

I We will succeed if we can show that H ′ is in fact
computable in C′1.

I Applying an idea from the fine structure theory of L to M1
(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.
I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.

I Applying an idea from the fine structure theory of L to M1
(which satisfies (+)), this can be achieved.



RCA0 + RT2
2 6→ IΣ2

Step 2.

I At this point, we need M0 to be endowed with some
additional properties denoted (+).

I M1 will inherit property (+).
I Key challenge: We want a solution H for C1 which

preserves BΣ2, i.e. M1[H] |= RCA0 + BΣ2.
I We can construct an H such that H ′ is computable in C′′1 .
I We will succeed if we can show that H ′ is in fact

computable in C′1.
I Applying an idea from the fine structure theory of L to M1

(which satisfies (+)), this can be achieved.



Fine Structure Theory Revisited

Theorem (Jensen (1972))
Let α be an admissible ordinal. The following are equivalent:

1. There is no Σn-definable map from a bounded subset onto
α;

2. Every Σn-definable bounded set is a member of (Lα,∈),
i.e. Lα-finite.

The above theorem has a natural analog in models M of IΣn:
Every bounded Σ0

n-definable set is M-finite.

However, even without IΣn, a weaker version still holds:

I (Chong and Mourad (1990)) If M |= BΣn, then every
bounded ∆0

n-definable set is M-finite.
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I Applying this to M1 that satisfies (+), we can show that H ′

is computable in C′1.
I It is not difficult to show that if H ′ is computable in C′1, then

M1[H] |= BΣ2.
I Iterating the construction, one obtains an M2 ⊃M1 such

that M2 |= RCA0 + RT2
2 + ¬IΣ2.

Note. Liu (2012) showed that RT2
2 and WKL0 are incomparable

over RCA0. Thus despite its apparent complexity, RT2
2 also has

limited second-order strength.
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over RCA0. Thus despite its apparent complexity, RT2
2 also has

limited second-order strength.
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Conservation

Theorem (Patey and Yokoyama (2018))
If ϕ is Π0

3 and RCA0 + RT2
2 ` ϕ, then RCA0 ` ϕ.

This result shows that RT2
2 does not prove any new theorem

expressible as a Π0
3- sentence over RCA0.

The major open question:
I Does RT2

2 prove a new theorem over RCA0? In particular,
is it true that

RCA0 + RT2
2 ` ϕ implies

RCA0 + BΣ2 ` ϕ

for every Π1
1-sentence ϕ?
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