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Introduction

Propositional logic is decidable, so why do we care?
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Origins of Peano Arithmetic

I Richard Dedekind, Was sind und was sollen die Zahlen? 1888,
natural numbers are characterized by the induction principle

I Guiseppe Peano, Aritmetices Principia, Nova Methodo
Exposita 1889, a more formal treatment

(N; 0,S)

1. for every x , S(x) 6= 0,

2. if x 6= y , then S(x) 6= S(y),

3. for every set X ⊆ N, if 0 ∈ N and x ∈ N implies S(x) ∈ N,
then X = N.

This formalization of arithmetic uses a second order concept of a
set of numbers.

I David Hilbert, 1920s, arithmetic formalized in first order logic

[4]
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Axioms of Peano Arithmetic
Language 0, S , +, ×

Axioms – universal closure of the following formulas:

1. successor function
I S(x) 6= 0
I x 6= y → S(x) 6= S(y)

2. addition
I x + 0 = x
I x + S(y) = S(x + y)

3. multiplication
I x × 0 = 0
I x × S(y) = x × y + x

Schema of induction for all formulas in the language 0, S , +, ×
and ≤.

φ(0) ∧ ∀x(φ(x)→ φ(S(x)))→ ∀y .φ(y)

[5]
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In the Hilbert school it was denoted by Z. The modern notation is
PA.

The main questions he was interested in were:

I is PA complete?

I is PA consistent?

The formalization was possible using the newly developed proof
theory (Beweistheorie) and he also wanted to use proof theory to
solve the two problems.

Hilbert was also interested in other systems too, e.g., arithmetic

formalized in 2nd order logic.

[6]
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The incompleteness theorems

Kurt Gödel, Über formal unentscheidbare Sätze der Principia
Mathematica und verwandter Systeme, 1931

I PA is incomplete

I the consistency of PA is not provable in PA, hence also in any
weaker system

Two main ideas:

1. it is possible to encode finite structures by numbers, in
particular, it is possible to formalize syntax

2. it is possible to express self-referential statements

Corollary of 1: PA is a theory about all finite structures, not only
numbers,

PA ≡ ZFCfin

[7]
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Why is PA incomplete

Question: Does there exist a stronger principle than induction?

Answer: No. PA is incomplete because induction is stated only
for arithmetical predicates.

[8]
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The Arithmetical Hierarchy

Bounded quantifiers

∀x ≤ t.φ is ∀x(x ≤ t → φ)

∃x ≤ t.φ is ∃x(x ≤ t ∧ φ)

Classes of arithmetical formulas

Σ0 formulas are formulas with all quantifiers bounded

Σ0 = Π0 = ∆0

Σn formulas are
∃x1∀x2 . . . φ,

where we have n alternating quantifiers and φ is bounded

Πn formulas are
∀x1∃x2 . . . φ,

where we have n alternating quantifiers and φ is bounded

[9]
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Classes of arithmetical sets

Σn sets are the sets definable by Σn formulas

Πn sets are the sets definable by Πn formulas

Theorem
These hierarchies of sets are strictly increasing.

Using Σn,Πn for classes of sets:

Σn & Σn+1, Πn & Πn+1 for n = 0, 1, . . .

[10]
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Fragments of Peano Arithmetic

IΣn is PA with the induction schema restricted to Σn formulas.

Theorem
The hierarchy IΣn is strictly increasing, i.e., for n = 0, 1, . . . ,
IΣn+1 proves more sentences than IΣn.

Two important fragments

I IΣ1, conservative extension of PRA - Primitive Recursive
Arithmetic

I IΣ0

[11]
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Beginnings of Computational Complexity Theory

J. Hartmanis, R.E. Stearns, On the computational complexity of
algorithms 1965
Turing machine computations in limited time or space.

Stephen A. Cook, The complexity of theorem proving procedures
1971

P the class of “efficiently” computable sets

NP the class of “efficiently” verifiable sets

L.J. Stockmeyer, The polynomial hierarchy 1976

A hierarchy extending P⊆NP,

Σp
0 = P, Σp

1 = NP, Πp
1 = coNP, . . .

[12]
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Fragments of PA connected with complexity classes

Rohit Parikh, Existence and Feasibility in Arithmetic, 1971

I introduced the system PB which is IΣ0,

I observed that Σ0 sets are computable in linear space,

I called PB “anthropomorphic”

I there are other interesting results there, in particular “almost

consistent theories”

J.B. Paris, A. Wilkie, ∆0 sets and induction, 1981

(Recall that ∆0 = Σ0.)

Samuel R. Buss, Bounded Arithmetic, 1986

I introduced theories S2 and T2 that postulate induction for
formulas that define sets in the Polynomial Hierarchy

I defined also fragments Sn
2 ,T

n
2 corresponding to classes of

sets Σp
n

[13]
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Formalization polynomial time computations in weak
fragments

Encode computations as 0/1 strings

Represent 0/1 strings by the binary representation of numbers

From a string of length n we need to produce a string of length nc ,

i.e., from a number N we need to produce a number M such that

log2 M ≈ (log2 N)c ⇔ M ≈ 2(log2 N)c

= N(log2 N)c−1

This is not possible in IΣ0, we can only get M ≤ Nc .

Therefore

I Paris and Wilkie added an axiom Ω1

∀x∃y(y = xblog2 xc)

I Buss added a function symbol # (with axioms for it)

x#y = 2blog2 xc.blog2 yc

[14]
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The fragment S1
2

In S1
2 it is possible to formalize polynomial time computations.

Theorem (Buss 1986)

Let φ(x , y) be a formula formalizing a polynomial time computable
relation. If

S1
2 ` ∀x∃y φ(x , y),

then there exists a polynomial time computable function f such
that

N |= ∀x φ(x , f (x)).

[15]
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Mathematical sentences independent of PA

J. Paris, L. Harrington, A mathematical incompleteness in Peano
Arithmetic, 1977

A modification of the Finite Ramsey Theorem is unprovable in PA.

PH sentence is a Π2 formula, but the most interesting sentences are Π1,
e.g.,

I Fermat’s Last Theorem (we know now that it is provable in IΣ1)

I the Riemann Hypothesis

I P6=NP is “almost Π1”

The method of Paris and Harrington does not work for Π1 sentences.
Therefore

1. we need a new method,

2. we should first try to prove independence from weak fragments
of PA.

[16]
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Propositional encoding of Π1 sentences

I There exists a class of formulas, called sharply bounded, such that
for every sharply bounded φ(x1, . . . , xk ) it is decidable in polynomial
time if φ holds true for given numbers a1, . . . , ak .

I Every Π1 formula is equivalent to a universally quantified sharply
bounded formula.

I For a sharply bounded φ(x1, . . . , xk ) one can construct a sequence
of propositional formulas 〈φ〉n, n = 1, 2, . . . such that

N |= ∀x1 ≤ n . . . xk ≤ n.φ(x1, . . . , xk ) iff 〈φ〉n is a tautology

I Hence ∀x1 . . . xk .φ is true iff all 〈φ〉n, n = 1, 2, . . . are tautologies.

I Moreover, if ∀x1 . . . xk .φ is provable in a weak theory, then
tautologies 〈φ〉n, n = 1, 2, . . . have polynomial length proofs.

[17]
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Theories and propositional proof systems

S.A. Cook, Feasibly constructive proofs and the propositional
calculus, 1975

Theorem (Buss’s version)

Let φ be sharply bounded and suppose that S1
2 proves ∀x1 . . . xk .φ.

Then the propositional translations 〈φ〉n, n = 1, 2, . . . have proofs
of polynomial length in the Extended Frege proof system.

Extended Frege system is the usual proof system based on axiom

schemas and modus ponens augmented with a rule that enables one

abbreviate a formula by a fresh propositional variable.

I In principle, we can prove unprovability in S1
2 by proving

superpolynomial lower bounds on Extended Frege proofs,

I but we are not able to prove any nontrivial lower bounds on
Extended Frege proofs.

[18]
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Extended Frege system is the usual proof system based on axiom

schemas and modus ponens augmented with a rule that enables one

abbreviate a formula by a fresh propositional variable.

I In principle, we can prove unprovability in S1
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superpolynomial lower bounds on Extended Frege proofs,
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I The result is tight–one cannot replace the Extended Frege
proof system with a weaker system.
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2 with the Extended Frege proof system
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Ajtai’s Theorem

Miklós Ajtai, Σ1
1 formulae on finite structures, 1983

Theorem
Let M be a countable nonstandard model of arithmetic elementary
equivalent to the standard model. Let a ∈ M be a nonstandard
number. Then for every sufficiently large b < a, there exists a
function F : {0, 1, . . . , b + 1} → {0, 1, . . . , b} such that the
structure

(M � {0, 1, . . . , a},F )

satisfies induction axioms for all formulas in the language of
arithmetic1 extended with a function symbol for F .

1we have to treat x + y = z and x × y = z as ternary relations
[20]



Ajtai’s Theorem is equivalent to the lower bound on propositional
proofs:

Theorem
There are no polynomial length proofs of the propositional
tautologies expressing the Pigeon-Hole Principle in depth-d Frege
system for any constant d .

We consider formulas in the basis {¬,∨,∧} and say that φ has depth
≤ d if there are at most d alternations of different connectives.

Example CNF and DNF formulas are depth 3.

In the depth-d Frege system only formulas of depth ≤ d are allowed in

the proofs.

[21]
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Let IΣ0(F ) denote the theory defined as IΣ0 except that the
language is extended with a function symbol F . I.e.,

1. it has induction for all bounded formulas in the extended
language,

2. no special axioms are added for F .

Corollary

The sentence

∃x (F : [0, x + 1]→ [0, x ] ∧ F is a 1-1 mapping )

is consistent with IΣ0(F ). I.e., IΣ0(F ) does not prove PHP for F.

[22]
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Is PHP a trivial principle?

computational point of view

I given a Boolean circuit C with n inputs and m outputs, n > m

I find a collision, i.e., x 6= y ∈ {0, 1}n such that C (x) = C (y)

proof complexity view2

I given a Boolean circuit C with n inputs and m outputs,
n < m, and b ∈ {0, 1}m \ Im(C )

I prove the tautology expressing b 6∈ Im(C )

2this is called the dual PHP
[23]
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I given a Boolean circuit C with n inputs and m outputs, n < m, and
b ∈ {0, 1}m \ Im(C )

I prove the tautology expressing b 6∈ Im(C )

Consider a special case:

I let m = 2k and view y ∈ {0, 1}2k
as a truth table of a

Boolean function of k variables,

I view x ∈ {0, 1}n as a code of a small circuit of k variables,3

I let C be the circuit that maps codes x of circuits to functions
y that they compute.

Then b 6∈ Im(C ) means that the Boolean function b does not have
a small circuit.

3We can code a circuit of size S using c.S log S bits. So if we want to prove
a lower bound, e.g., k log k , we take n = c.k log k(log k)2 � 2k = m.

[24]
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The general concept of a proof system
S.A. Cook, and R.A., Reckhow, The relative efficiency of
propositional proof systems.

Definition
A proof system is any binary relation R(x , y), (y is a proof of x)
such that

1. it is sound,

2. it is complete,

3. and R(x , y) is decidable in polynomial time.

Definition
A proof system R is polynomially bounded if for every x there
exists at most polynomially longer y such that R(x , y).

Fact
There exists a polynomially bounded proof system for propositional
tautologies iff NP=coNP.

[25]
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Proof systems from combinatorial optimization

Example: Integer Linear Programming, ILP

I given a system of linear inequalities

I find an integer solution, or prove that there is none

Fact
The set of solvable ILP programs is NP-complete.

This implies that one can represent Boolean formulas by ILP
programs. In fact, representation of clauses is very easy. E.g.,

x ∨ y ∨ ¬z ↔ x + y + (1− z) ≥ 1

Hence any method for solving ILP can be viewed as a proof system.

[26]
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Sometimes we can prove exponential lower bounds

Based on an earlier work of R.E. Gomory, V. Chvátal proposed a
method for ILP called Cutting Planes in 1973.

Later W. Cook, C.R. Coullard and G. Turán presented Cutting
Planes as a proof system for refuting unsatisfiable CNFs, i.e.,
proving DNF tautologies.

Theorem
There are tautologies that require exponentially long proofs in the
Cutting Plane proof system.

Corollary

There are instances of ILP that require exponentially many steps if
solved by an algorithm based on Cutting Planes.

[27]
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We are not able to prove P6=NP, but we are at least able to
prove that some particular algorithms cannot solve
NP-complete problems.

[28]



What is proof complexity?

Proof complexity is not only the study of the lengths of proofs.

It is the study of all weak formal systems —

systems connected with feasible computations.

[29]



Proof theoretical complexity of computational problems

Given a problem P, we can ask about its time, space etc.
complexity. But we can also ask:

What is the weakest theory in which we can formalize and prove
the soundness of an algorithm for P?

[30]



Example

Theorem
If factoring is hard, then S1

2 cannot prove the soundness of A for
any polynomial time algorithm A for primality.

Proof.
Let A be a polynomial time algorithm for primality and suppose4

S1
2 ` ∀x(¬A(x)→ ∃y , z < x(yz = 1)).

Then, by Buss’s Theorem, there exists a polynomial time computable
function f such that

N |= ∀x(¬A(x)→ ∃z < x(f (x) < x ∧ f (x)z = 1),

i.e., f computes nontrivial factors of non-primes.

4The soundness is stronger: equivalence instead of implication.
[31]



Corollary

The soundness of the Agrawal-Kayal-Saxena deterministic primality
test is not provable in S1

2 unless factoring is possible in polynomial
time.

Thank you
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